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ABSTRACT

TURBULENT TRANSPORT OF DISSOLVED
OXYGEN IN NATURAL CHANNELS

By
Alanna Bachtlin
May 2022

Dissertation supervised by Professor David M. Kahler
The transport and mixing of dissolved oxygen (DO) is important to replenish the oxygen
depleted by natural processes; gas transfer in general has implications for ecosystem metabolism
and greenhouse gas transfer. Currently, reaeration coefficients can be found through gas tracer
methods, which estimates one-way gas transfer. For this project, a net oxygen consumption rate,
Ψ, was developed using the similarity equations, which provides a value from DO and velocity
profiles specific to a stream site. Additionally, three models to calculate friction velocity, which
is required for oxygen consumption rate, were compared. Reynolds stresses, mathematically
developed in the Reynolds-Averaged Navier-Stokes Equations, are only present in turbulent
flows from was examined due to the flow to determine a directional preference in the velocity
profiles. High-frequency velocity data was collected in vertical profiles at multiple points in the
Monongahela and Allegheny Rivers.
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CHAPTER 1: INTRODUCTION
Aquatic organisms such as fish require oxygen within the water, dissolved oxygen, to
perform respiration (Hemond & Fechner, 2015). Dissolved oxygen is an important indicator to
determine the health of a stream due to its necessity (Hemond & Fechner, 2015). Turbulence is
the dominating factor in controlling the amount of oxygen that enters a stream through reaeration
(Bennett, J.P., Rathburn, 1972; Kilpatrick et al., 1989; Raymond et al., 2012). Turbulent mixing
within the boundary layer allows for faster diffusion of materials than molecular diffusion within
the stream, including gases such as oxygen, carbon dioxide, and methane (Raymond et al., 2012).
When trying to understand gas transfer in natural channels, for this project oxygen, it is
important to understand how turbulence is structured. This project will study the vertical
turbulent mixing of dissolved oxygen of natural open channel sites by examining the shear stress,
velocity, and dissolved oxygen profiles.
Oxygen in the atmosphere is absorbed by streams during the process of reaeration, which
replenishes oxygen levels depleted by natural biological processes such as respiration and
biodegradation of organics (Bennett, J.P., Rathburn, 1972; Kilpatrick et al., 1989). The dissolved
oxygen levels in a stream will deplete when reaeration is exceeded by deoxygenation as natural
biological processes and pollution increase the biological oxygen demand, BOD (Mines, Jr. &
Lackey, 2010; Streeter & Phelps, 1925). Deoxygenation and reaeration can be seen in Figure 5,
as DO is depleted but increases as reaeration continues (Mines, Jr. & Lackey, 2010; Streeter &
Phelps, 1925). This is described in the differential equation (1) where the DO deficit, D, over
time is the difference between the deoxygenation rate, 𝑘𝐷 , and the reaeration rate, 𝑘2 where L is
BOD (Mines, Jr. & Lackey, 2010; Streeter & Phelps, 1925).
𝑑𝐷
= 𝑘𝐷 𝐿 − 𝑘2 𝐷
𝑑𝑡

1

(1)

Figure 1: Streeter Phelps DO Depletion Model. In the first few days, deoxygenation overtakes
reaeration due to BOD. As the model reaches the critical deficit, reaeration increases over
deoxygenation (Mines, Jr. & Lackey, 2010; Streeter & Phelps, 1925).
Reaeration coefficients are currently measured for a stream using the slug injection or
continuous injection gas tracer method where a hydrocarbon gas, either ethylene or propane, is
injected into the stream (Kilpatrick et al., 1989). The reaeration coefficient value assigned to a
particular stream may not be reflective of the entire stream. Additionally, changes in bathymetry,
or stream bed roughness, causing boundary layer mixing may not be well represented. More
comprehensive river metabolism and gas transfer estimates can better help ecologists understand
the issues they are facing in river networks (Hall et al., 2016).
Turbulence can be described as small scale, unpredictable deviations from mean velocity,
unlike laminar flow which is predictable (Kundu et al., 2012; Tennekes & Lumley, 1972).
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Although turbulent flows share characteristics, each turbulent flow is unique, and research relies
on empirical data due to the unpredictable nature of turbulence (Tennekes & Lumley, 1972).

Figure 2: Diagram of inviscid, laminar, and turbulent flow. Turbulent flow is like laminar at the
walls where it is affected by viscosity, but like inviscid flow in the center with uniform flow.
Turbulent flow starts from the instabilities in laminar flow as viscous and inertial forces
interact until inertial forces overtake (Tennekes & Lumley, 1972). The smallest turbulent eddies
start at the Kolmogorov scale while the largest eddies are comparable to the boundary layer
thickness (Tennekes & Lumley, 1972). Turbulence is fully developed at a Reynolds number (2)
greater than 2000 (Tennekes & Lumley, 1972). Reynolds number is calculated using velocity (u),
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length (L), and kinematic viscosity (𝜈) or the density of the fluid (𝜌), and dynamic viscosity (𝜇)
(Tennekes & Lumley, 1972).
𝑅𝑒 =

𝜌𝑢𝐿 𝑢𝐿
=
𝜇
𝜈

(2)

Figure 3: Coordinate system for the rivers.
Herein, subscript notation is used to indicate direction when no single direction is
required (Einstein, 1916). x, y, and z are the positions corresponding to the velocities u, v, and w,
along with i=1, 2, and 3 i, j, and k are used as subscripts (Figure 3) (Einstein, 1916).
Using Reynolds Decomposition (3), velocity can be broken down into the mean velocity,
𝑢̅𝑖 , and fluctuations from the mean, 𝑢′𝑖 , in three dimensions (Clark, 2009; Tennekes & Lumley,
1972; Young et al., 2001).
𝑢𝑖 = 𝑢̅𝑖 + 𝑢′𝑖

4

(3)

Figure 4: Graph of mean velocity in red and fluctuations in blue over a 60 second period
showing Reynolds Decomposition (3).

Figure 5: The three stress components on a surface where total stress is the sum of the 𝜏𝑖𝑘 and 𝜏𝑖𝑗
shear stresses. Shear stresses are along the material surface, unlike normal stresses.
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Using Reynolds Decomposition, components in the Isothermal Navier-Stokes Equation
(4) can be separated into mean and fluctuations (3), then averaged to create the Reynolds̅̅̅̅̅̅̅
Averaged Navier-Stokes Equation (7) where 𝜌𝑢′
𝑖 𝑢′𝑗 represents the Reynolds Stress Tensor (10)
(Clark, 2009; Kundu et al., 2012). Terms to know below are time (t), pressure (P),
acceleration(𝑔), Kronecker delta (𝛿)( 𝛿𝑖,𝑗 = 1, only when 𝑖 = 𝑗), turbulent viscosity (𝜈𝑡 ),
friction velocity (𝑢∗ ), and height (z). 𝑘 is the von Karmen constant which is an empirical
integration constant found to be approximately 0.4 (Kundu et al., 2012).
𝑑𝑢𝑖
𝑑𝑢𝑖
1 𝑑𝑃
𝑑 2 𝑢𝑖
+ 𝑢𝑗
=−
− 𝑔𝛿𝑖3 + 𝜈
𝑑𝑡
𝑑𝑥𝑗
𝜌 𝑑𝑥𝑖
𝑑𝑥𝑗 2
𝑑(𝑢̅𝑖 + 𝑢′ 𝑖 )
𝑑(𝑢̅𝑖 + 𝑢′ 𝑖 )
1 𝑑(𝑃̅ + 𝑃 ′ )
𝑑2 (𝑢̅𝑖 + 𝑢′)
+ (𝑢̅𝑗 + 𝑢′𝑗 )
=−
− 𝑔𝛿𝑖3 + 𝜈
𝑑𝑡
𝑑𝑥𝑗
𝜌
𝑑𝑥𝑖
𝑑𝑥𝑗 2

𝐷𝑢̅𝑖
1 𝑑𝑃̅ 𝑑𝑢′ 𝑖 𝑢′𝑗
𝑑 2 𝑢̅𝑖
=−
−
− 𝑔𝛿𝑖3 + 𝜈
𝐷𝑡
𝜌 𝑑𝑥𝑖
𝑑𝑥𝑗
𝑑𝑥𝑗 2

𝐷𝑢̅𝑖 1 𝑑
𝑑𝑢̅𝑖 𝑑𝑢̅𝑗
=
(−𝑃𝛿𝑖𝑗 + 𝜇 (
+
) − 𝜌𝑢
̅̅̅̅̅)
𝑖 𝑢𝑗 − 𝑔𝛿𝑖3
𝐷𝑡
𝜌 𝑑𝑥𝑗
𝑑𝑥𝑗 𝑑𝑥𝑖

𝜏𝑖𝑗 = 𝜌𝑢
̅̅̅̅̅
𝑖 𝑢𝑗 = 𝜌𝜈𝑡

𝑑𝑢𝑖
𝑑𝑥𝑗

(5)

(6)

(7)

(8)

(9)

𝜈𝑡 = 𝑘𝑢∗ 𝑧
̅̅̅̅
𝑢′2
̅̅̅̅̅
𝜏𝑖𝑗 = 𝜌𝑢
̅̅̅̅̅
𝑢
=
[
𝑣′𝑢′
𝑖 𝑗
̅̅̅̅̅̅
𝑤′𝑢′

(4)

̅̅̅̅̅
𝑢′𝑣′
̅̅̅̅
𝑣 ′2
̅̅̅̅̅̅
𝑤′𝑣′

̅̅̅̅̅̅
𝑢′𝑤′
̅̅̅̅̅̅
𝑣′𝑤′] 𝜌
̅̅̅̅̅
𝑤 ′2

(10)

From the Navier Stokes Equation, Reynolds stresses are only present in turbulent flow
conditions (Clark, 2009). Directly at the wall, viscosity quenches turbulence and the Reynolds
stresses are dominated by the viscous stresses (Clark, 2009). These stresses occur at the bed on
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the surface, when shearing the against the viscous layers, and when parcels of water shear one
another when mixing (Kundu et al., 2012).
For this project, the dominant direction of flow is in the u velocity direction and the
transport of dissolved oxygen is being considered in the vertical velocity, w, leading the relevant
stress to be ̅̅̅̅̅̅
𝑢′𝑤′. In the stress tensor (10), normal stresses are diagonal and shear stresses are off
diagonal (Tennekes & Lumley, 1972). Shear stresses are the dominant stresses towards turbulent
motion (Tennekes & Lumley, 1972).
To further analyze ̅̅̅̅̅̅
𝑢′𝑤′, the instantaneous data can be plotted 𝑢′ versus 𝑤′ to examine
the relative contribution (Kundu et al., 2012). If the scatter plot at a specific point appears
isotrophic, which is uniform and steady, there is no directional preference, and the average mean
of the fluctuations is zero (Kundu et al., 2012). This means there is no movement of water and
̅̅̅̅̅̅
transfer of materials. If the graph appears anisotropic, there is a directional preference and -𝑢′𝑤′
is expected in natural channels (Kundu et al., 2012). Anisotropic average velocity fluctuations
are consistent with vertical transport (Kundu et al., 2012).

7

Figure 6: When a particle of fluid moves in positive w, the u’ will be negative and when it moves
̅̅̅̅̅̅ seen in the anisotropic
in negative w, there will be a positive u’. Both shear flows create -𝑢′𝑤′
graphs (Kundu et al., 2012).
Viscous and turbulent stress in wall-bounded turbulent flow is explained by the law of the
wall and the velocity defect law (Kundu et al., 2012). The inner layer consists of the viscous
sublayer, buffer layer, and logarithmic layer (Kundu et al., 2012). Viscous forces are dominant
closest to the wall in the viscous sublayer (Kundu et al., 2012). Shear stress (𝜏0 ) and 𝜌 can be
used to produce 𝑢∗ (11) which is shear stress in the terms of velocity used to compare flows
(Kundu et al., 2012).
(11)

𝜏0
𝑢∗ = √
𝜌

8

Within in inner layer, 𝑢∗ , 𝜏0 , 𝜌, z, kinematic viscosity (𝜈), and mean velocity (U) are
important (Kundu et al., 2012). When utilizing dimensional analysis with the Buckingham Pi
Theorem, there are six variables in three dimensions (M, L, and T), allowing for three
dimensionless 𝜋 equations, where 𝜋1 is the Reynolds Number (2) (Kundu et al., 2012).
𝐿
( )
𝑈
𝑇
𝜋2 = 𝑈 =
=
𝑢 ∗ (𝐿 )
𝑇

(12)

𝐿
𝑧𝑢∗ (𝐿) × (𝑇 )
𝜋3 = 𝑧 =
=
𝐿2
𝜈
( )
𝑇

(13)

+

+

𝜋2 and 𝜋3 develop 𝑈 + (12) and 𝑧 + (13) respectively through dimensional analysis (Kundu et al.,
2012; Young et al., 2001). The flow of the inner layer on smooth walls is described by the law of
the wall (14) where 𝑈 + is a function of 𝑧 + (Kundu et al., 2012).
𝑈+ =

𝑈
𝑧𝑢∗
= 𝑓( )
𝑢∗
𝜈

From the law of the wall (14), a velocity gradient,

(14)

𝑑𝑢
𝑑𝑧

, (17) for the inner region can be

developed (Kundu et al., 2012; Tennekes & Lumley, 1972). The derivative is taken for both
sides of (14) and for the argument to become z+, the chain rule is required to expand the equation
(Tennekes & Lumley, 1972).
1 𝑑𝑢 𝑑𝑓
𝑑𝑓 𝑑𝑧 +
=
= +
𝑢∗ 𝑑𝑧 𝑑𝑧 𝑑𝑧 𝑑𝑧

(15)

1 𝑑𝑢 𝑢∗ 𝑑𝑓
=
𝑢∗ 𝑑𝑧
𝜈 𝑑𝑧 +

(16)

𝑑𝑢 𝑢∗ 2 𝑑𝑓
=
𝑑𝑧
𝜈 𝑑𝑧 +

(17)

As viscosity becomes less important in the outer layer of the boundary layer, drag is
produced by the Reynolds Stresses which is described through the velocity defect law (20)
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(Kundu et al., 2012). 𝑈∞ is the free stream velocity, 𝜉 represents the integration factor, and in
this case 𝛿 is the boundary layer thickness.
∆𝑈 = 𝑈∞ − 𝑈

(18)

𝑈 = 𝑈(𝜌, 𝜏0 , 𝛿, 𝑧)

(19)

𝑈∞ − 𝑈
𝑧
= 𝐹 ( ) = 𝐹(𝜉)
𝑢∗
𝛿

(20)

𝜉=

𝑧
𝛿

(21)

Through derivation, a corresponding velocity gradient (23) for the outer layer can be
developed (Kundu et al., 2012; Tennekes & Lumley, 1972).
1 𝑑𝑢 𝑑𝐹 𝑑𝜉 𝑑𝐹 1
=
=
𝑢∗ 𝑑𝑧 𝑑𝜉 𝑑𝑧 𝑑𝜉 𝛿

(22)

𝑑𝑢 𝑢∗ 𝑑𝐹
=
𝑑𝑧
𝛿 𝑑𝜉

(23)

By matching velocity gradients (24) from both the inner (17) and outer layer (23) in the
overlap layer, the logarithmic law (29) can be used to evaluate wall-bounded turbulent flows
(Kundu et al., 2012).

𝜉

𝑢∗ 2 𝑑𝑓
𝑢∗ 𝑑𝐹
=
+
𝜈 𝑑𝑧
𝛿 𝑑𝜉

(24)

𝑧𝑢∗ 𝑑𝑓
𝑧 𝑑𝐹
=
𝜈 𝑑𝑧 + 𝛿 𝑑𝜉

(25)

𝑑𝐹
𝑑𝑓
1
= 𝑧+ + =
𝑑𝜉
𝑑𝑧
𝑘

(26)

𝑑𝑓
1
=
𝑑𝑧 + 𝑘

(27)

𝑧+

∫ 𝑑𝑓 =
𝑈+ =

1 𝑑𝑧 +
∫
𝑘 𝑧+

𝑈 1 𝑧𝑢∗
= 𝑙𝑛
+𝐶
𝑢∗ 𝑘
𝜈
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(28)

(29)

The integration constant found in (29), was empirically determined to be 5 for a smooth
wall (Kundu et al., 2012).
𝑈 + = 2.5ln(𝑧 + ) + 5

(30)
𝑈

A velocity profile shown in Figure 4, can be created by plotting z+ (13) against 𝑈 + = 𝑢 (12).
∗

Figure 7: Velocity profiles in the boundary layer with approximate locations of the Inner Layer,
Outer Layer, and Logarithmic Layer shown with data from 09 Oct 2021.
The friction velocity, 𝑢∗ , seen in the equations for the inner, outer, and logarithmic layers
can be calculated a variety of ways: according to bed shear stress (31), fluctuations of the
velocity in the u and w directions throughout (32), and differences in the velocity according to
height throughout (33) (Brutsaert, 1982; Dyer, 1974; Kundu et al., 2012; Monin & Obukhov,
1954; Prandtl, 1932; Tennekes & Lumley, 1972) This research will compare the different 𝑢∗
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methods. Equations 31 and 33 are calculated per site and (32) is calculated per depth with an
average taken.
𝑢∗ = √

𝜏0
𝑑𝑢
= √𝜈 |
𝜌
𝑑𝑧 𝑤𝑎𝑙𝑙

𝑢∗ = √̅̅̅̅̅̅
𝑢′𝑤′

𝑢∗ = (

𝑢2 − ̅̅̅
̅̅̅
𝑢1
𝑧2 ) ∗ 𝑘
𝑙𝑛 ( )
𝑧1

(31)

(32)
(33)

𝑢∗ values based on the total shear stress (32,33) will likely produce a more reliable value
when compared to the bed stress friction velocity (31) because the bed stress method is not
considering the shear stress occurring from turbulence higher up in the height column.
An oxygen consumption rate equation (38) was developed during this project using the
similarity equations for velocity and evaporation (35, 36) (Brutsaert, 1982; Dyer, 1974; Monin &
Obukhov, 1954; Prandtl, 1932) with the oxygen consumption rate value, Ψ, in place of
evaporation, E, in kg/m2s. Additionally, the dissolved oxygen to dissolved oxygen saturation
𝐷𝑂

ratio (𝐷𝑂 ) replaces specific humidity, q. 𝑎𝑡 is the turbulent Schmidt number, assumed to be
𝑠𝑎𝑡

one (Brutsaert, 1982).
𝑢∗
𝑧2
𝑙𝑛 ( )
𝑘
𝑧1

(35)

𝐸
𝑧2
𝑙𝑛 ( )
𝑎𝑡 𝑘𝑢∗ 𝜌
𝑧1

(36)

𝑢2 − ̅̅̅
̅̅̅
𝑢1 =
𝑞̅1 − 𝑞̅2 =

𝐷𝑂2
𝐷𝑂1
Ψ
𝑧2
(
)−(
)=
ln ( )
𝐷𝑂𝑠𝑎𝑡
𝐷𝑂𝑠𝑎𝑡
𝑎𝑡 𝑘𝑢∗ 𝜌
𝑧1

(37)

𝐷𝑂2
𝐷𝑂1
)−(
)
𝐷𝑂𝑠𝑎𝑡
𝐷𝑂𝑠𝑎𝑡
Ψ=(
) ∗ 𝑎𝑡 𝑘𝑢∗ 𝜌
𝑧
ln ( 2 )
𝑧1

(38)

(
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When calculating Ψ (38), the three models for 𝑢∗ (31-33) can be compared. By
calculating the net oxygen consumption rate, a gas transfer value based on turbulent mixing will
be produced. If positive, the river at that position will be consuming oxygen and if negative, the
river will be losing oxygen. This project, if successful, should be able to form a clear link
between turbulence and shear stress with dissolved oxygen transfer in rivers to produce a net
consumption value.
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CHAPTER 2: METHODS
Data was collected in the Allegheny River and the Monongahela River in Pittsburgh,
Pennsylvania (Figure 7).

Figure 8: Map of Data Collection Sites in Pittsburgh, PA on the Allegheny and Monongahela
Rivers.
Velocity data for a depth profile of the rivers was collected using an acoustic Doppler
velocimeter (ADV, Vector, Nortek, Boston, MA, USA) which calculates velocity measurements
in three dimensions instantaneously at 64 Hz (Garcia et al., 2005; Lane et al., 1998). A sound is
emitted from the center speaker and three microphones receive the sound after it is reflected off
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particles in the stream (Garcia et al., 2005; Lane et al., 1998). The instrument uses the Doppler
shift principle to calculate the velocity from the received signal (Garcia et al., 2005; Lane et al.,
1998).
Dissolved oxygen profile measurements were collected using a miniDot Dissolved
Oxygen Logger (PME) on 28 May 2021 and 29 June 2021. On 09 October 2021 and 27 January
2022, a YSI Multimeter (YSI, Yellow Springs, OH, USA) was utilized to collect dissolved
oxygen. The ADV and DO instruments were lowered into the river from a canoe and held at a
specific depth to obtain measurements and then lowered or raised until each depth was collected.
For the ADV measurements, the time frames at each depth were isolated and analyzed in R (R
Core Team, 2021) and Excel to find average velocity and Reynolds stresses. DO measurements
were analyzed in Excel to find the proper measurements for each depth. For this project, the river
flow was assumed to be steady. Once the data was processed for each depth in the rivers, profiles
of DO and velocity as well as corresponding Reynolds Stress Tensors were visualized in R. 𝑢∗
was calculated three ways (31-33) for each site as well as Ψ (38) with each 𝑢∗ . Logarithmic Law
graphs were generated in Excel to compare the data to the theory (30).
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CHAPTER 3: RESULTS
3.1 DISSOLVED OXYGEN, VELOCITY, AND REYNOLDS STRESS TENSOR GRAPH
PROFILES

For the Reynolds stress tensors in Figures 7-13, the dimensions examined are streamwise
u and vertical w. The magnitude and direction of ̅̅̅̅̅̅
𝑢′𝑤′ are most important to provide turbulent
shear stress.

Figure 9: Depth profiles of dissolved oxygen, average velocity, and Reynolds stress tensor
scatter plots (u’,w’) of the first data set from the Allegheny River near Herr’s Island, Pittsburgh,
PA on 28 May 2021.
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Figure 10: Depth profiles of dissolved oxygen, average velocity, and Reynolds stress tensor
scatter plots (u’,w’) of the second data set from the Allegheny River near Herr’s Island,
Pittsburgh, PA on 28 May 2021.
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Figure 11: Depth profiles of dissolved oxygen, average velocity, and Reynolds stress tensor
scatter plots (u’,w’) from the Monongahela River near the cable crossing in Pittsburgh, PA on 29
June 2021.
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Figure 12: Depth profiles of percent dissolved oxygen saturation, average velocity, and Reynolds
stress tensor scatter plots (u’,w’) from the Monongahela River near the Birmingham Bridge in
Pittsburgh, PA on 29 June 2021. The percent dissolved oxygen saturation was used in place of
the dissolved oxygen profile to adjust for the fluctuation in temperature throughout the depth.
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Figure 13: Depth profiles of dissolved oxygen, average velocity, and Reynolds stress tensor
scatter plots (u’,w’) from the Monongahela River near the Hot Metal Bridge in Pittsburgh, PA on
09 October 2021.
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Figure 14: Depth profiles of dissolved oxygen, average velocity, and Reynolds stress tensor
scatter plots (u’,w’) from the Allegheny River near the Millvale Public Boat Launch in
Pittsburgh, PA on 27 January 2022.
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a

22

b

Figure
15 a, b: Reynolds stress tensor scatter plots (u’,w’) with their corresponding mean u’w’ stress
from the Allegheny River near the Millvale Public Boat Launch in Pittsburgh, PA on 27 January
2022. Negative u’w’ are expected due to the natural movement of u and w.

23

3.2: FRICTION VELOCITY

Table 1: Mean velocity, Reynolds number, mean u’w’ stress, and 𝑢∗ calculated through (32) at
each depth for the first data set on 28 May 2021 in the Allegheny River. The average 𝑢∗ was
calculated to be 0.0170m/s.
Depth (m)

Height (m)

1.423

0.002

1.263
1.103
1.049
0.902
0.749
0.519
0.330

0.162
0.322
0.376
0.523
0.676
0.906
1.095

Mean
Velocity
(m/s)

Reynolds
Number

̅̅̅̅̅̅ (m2/s2)
𝑢′𝑤′

0.057

7.283x104

3.085 x10-3

0.087
0.089
0.111
0.105
0.134
0.159
0.138

5

-5

1.109x10
1.126x105
1.408x105
1.332x105
1.709x105
2.029x105
1.752x105
Average:

6.052 x10
4.666 x10-5
3.937 x10-5
8.676 x10-6
5.837 x10-5
3.263 x10-5
-1.854 x10-3
1.847 x10-4

|𝑢′𝑤′|
𝑢∗ = √̅̅̅̅̅̅̅̅
(m/s)

0.056
7.779 x10-3
6.831 x10-3
6.275 x10-3
2.946 x10-3
7.640 x10-3
5.712 x10-3
0.043
0.0170

Table 2: Mean velocity, Reynolds number, mean u’w’ stress, and 𝑢∗ calculated through (32) at
each depth for the second data set on 28 May 2021 in the Allegheny River. The average 𝑢∗ was
calculated to be 0.0389m/s.
Depth (m)
2.184
2.095
1.925
1.695
1.533
1.354
1.160
1.067
0.930
0.753
0.593
0.286

Height (m)
0.001
0.090
0.260
0.490
0.652
0.831
1.025
1.118
1.255
1.432
1.592
1.899

Mean
Velocity
(m/s)
0.047
0.026
0.043
0.048
0.069
0.082
0.097
0.087
0.094
0.108
0.112
0.114

Reynolds
Number
9.131x104
5.133x104
8.322x104
9.370x104
1.337x105
1.591x105
1.889 x105
1.698 x105
1.838 x105
2.104 x105
2.188 x105
2.233 x105
Average:
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̅̅̅̅̅̅
𝑢′𝑤′ (m2/s2)
--0.030
-0.043
6.855 x10-5
2.031 x10-5
1.789 x10-5
1.845 x10-4
1.657 x10-4
1.323 x10-5
9.719 x10-5
-9.441 x10-5
-1.711 x10-4
-4.232 x10-5
-6.066 x10-3

̅̅̅̅̅̅̅̅
𝑢∗ = √|𝑢′𝑤′|
(m/s)

0.173
0.207
0.008
0.005
0.004
0.014
0.013
0.004
0.010
0.010
0.013
0.007
0.0389

Table 3: Mean velocity, Reynolds number, mean u’w’ stress, and 𝑢∗ calculated through (32) at
each depth at the cable crossing on 29 June 2021 in the Monongahela River. The average 𝑢∗ was
calculated to be 0.0308m/s.
Depth (m)
2.257
2.149
1.836
1.362
0.847
0.406
0.358

Height (m)
0.242
0.351
0.664
1.138
1.653
2.094
2.142

Mean
Velocity
(m/s)
0.028
0.032
0.046
0.077
0.066
0.060
0.054

Reynolds
Number
6.243 x104
7.217 x104
1.026 x105
1.728 x105
1.481 x105
1.339 x105
1.207 x105
Average:

̅̅̅̅̅̅
𝑢′𝑤′ (m2/s2)
2.263 x10-3
-4.940 x10-4
-1.090 x10-3
2.737 x10-4
-1.052 x10-3
5.395 x10-4
1.637 x10-3
2.968 x10-4

|𝑢′𝑤′|
𝑢∗ = √̅̅̅̅̅̅̅̅
(m/s)
0.048
0.022
0.033
0.017
0.032
0.023
0.040
0.0308

Table 4: Mean velocity, Reynolds number, mean u’w’ stress, and 𝑢∗ calculated through (32) at
each depth at the Birmingham Bridge on 29 June 2021 in the Monongahela River. The average
𝑢∗ was calculated to be 0.0267m/s.
Depth (m)
5.098
4.236
3.221
2.223
1.569
0.900
0.469

Height (m)
0.002
0.860
1.879
2.880
3.531
4.200
4.630

Mean
Velocity
(m/s)
0.072
0.045
0.054
0.084
0.082
0.102
0.091

Reynolds
Number
3.275x105
2.029x105
2.447x105
3.826x105
3.732 x105
4.656 x105
4.136 x105
Average:
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̅̅̅̅̅̅
𝑢′𝑤′ (m2/s2)
1.683 x10-3
2.42 x10-4
6.922 x10-4
8.454 x10-5
-2.774 x10-4
5.629 x10-4
-2.864 x10-3
2.213 x10-5

|𝑢′𝑤′|
𝑢∗ = √̅̅̅̅̅̅̅̅
(m/s)

0.041
0.017
0.026
0.009
0.017
0.024
0.054
0.0267

Table 5: Mean velocity, Reynolds number, mean u’w’ stress, and 𝑢∗ calculated through (32) at
each depth on 09 October 2021 in the Monongahela River. The average 𝑢∗ was calculated to be
0.0223m/s.
Depth (m)
4.608
4.567
4.509
4.294
4.140
4.065
3.880
3.836
3.644
3.460
3.410
3.174
3.045
2.652
2.410
2.257
1.912
1.614
1.298
0.877
0.805
0.662
0.599

Height (m)
0.002
0.043
0.101
0.316
0.470
0.545
0.730
0.774
0.966
1.150
1.200
1.436
1.565
1.958
2.200
2.353
2.698
2.996
3.312
3.733
3.805
3.948
4.01

Mean
Velocity
(m/s)
0.040
0.009
0.056
0.064
0.070
0.093
0.099
0.080
0.117
0.078
0.120
0.103
0.085
0.112
0.116
0.127
0.112
0.115
0.116
0.101
0.118
0.107
0.118

Reynolds
Number
1.658 x105
3.499 x104
2.305 x105
2.627 x105
2.865 x105
3.842 x105
4.071 x105
3.306 x105
4.820 x105
3.229 x105
4.920 x105
4.226 x105
3.480 x105
4.604 x105
4.770 x105
5.247 x105
4.628 x105
4.722 x105
4.756 x105
4.166 x105
4.853 x105
4.406 x105
4.849 x105
Average:
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̅̅̅̅̅̅
𝑢′𝑤′ (m2/s2)
-2.330 x10-2
-1.425 x10-3
-1.117 x10-3
7.398 x10-6
-1.369 x10-4
1.928 x10-5
-5.246 x10-4
-4.561 x10-5
2.659 x10-5
7.561 x10-4
4.162 x10-5
1.312 x10-3
-6.390 x10-5
1.313 x10-4
-5.877 x10-5
3.812 x10-4
3.992 x10-4
1.468 x10-4
-1.809 x10-4
4.129 x10-4
2.030 x10-4
-2.640 x10-4
4.948 x10-4
-9.905 x10-4

|𝑢′𝑤′|
𝑢∗ = √̅̅̅̅̅̅̅̅
(m/s)

0.153
0.038
0.033
0.003
0.012
0.004
0.023
0.007
0.005
0.027
0.006
0.036
0.008
0.011
0.008
0.020
0.020
0.012
0.013
0.020
0.014
0.016
0.022
0.0223

Table 6: Mean velocity, Reynolds number, mean u’w’ stress, and 𝑢∗ calculated through (32) at
each depth on 27 January 2022 in the Allegheny River. The average 𝑢∗ was calculated to be
0.0510m/s.
Depth (m)
2.113
2.111
1.996
1.986
1.906
1.759
1.719
1.550
1.526
1.345
1.342
1.174
1.119
0.951
0.946
0.776
0.752
0.709
0.665
0.572

Height (m)
0.007
0.009
0.124
0.134
0.214
0.361
0.401
0.570
0.594
0.775
0.778
0.946
1.002
1.169
1.174
1.344
1.368
1.411
1.455
1.548

Mean
Velocity
(m/s)
0.010
0.010
0.115
0.081
0.110
0.129
0.133
0.135
0.156
0.132
0.146
0.132
0.163
0.148
0.169
0.180
0.165
0.165
0.151
0.138

Reynolds
Number
1.969 x104
1.802 x104
2.173 x105
1.533 x105
2.076 x105
2.434 x105
2.515 x105
2.550 x105
2.945 x105
2.493 x105
2.761 x105
2.507 x105
3.093 x105
2.803 x105
3.197 x105
3.402 x105
3.125 x105
3.114 x105
2.861 x105
2.603 x105
Average:
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̅̅̅̅̅̅
𝑢′𝑤′ (m2/s2)
-0.081
-0.045
-5.828 x10-3
-8.149 x10-3
-6.920 x10-4
3.820 x10-5
-1.110 x10-3
-3.785 x10-4
-1.140 x10-3
-8.010 x10-4
-3.291 x10-4
-5.542 x10-4
1.460 x10-5
-7.532 x10-4
-5.057 x10-4
-8.117 x10-4
-5.723 x10-4
-2.871 x10-4
-6.348 x10-4
-3.428 x10-4
-7.436 x10-3

|𝑢′𝑤′|
𝑢∗ = √̅̅̅̅̅̅̅̅
(m/s)

0.284
0.212
0.076
0.090
0.026
0.006
0.033
0.019
0.034
0.028
0.018
0.024
0.004
0.027
0.022
0.028
0.024
0.017
0.025
0.019
0.0510

Table 7: Comparison of 𝑢∗ methods for each site, shown in cm/s to better visualize comparisons.
Site

𝑢∗ = √

𝜏0
𝜌

(cm/s) (31)
Wall stress

𝑢∗ = √̅̅̅̅̅̅
𝑢′𝑤′
(average)
(cm/s) (32)
Shear stress

𝑢2 − ̅̅̅
̅̅̅
𝑢1
𝑧2 ) ∗ 𝑘
𝑙𝑛 ( )
𝑧1
(cm/s) (33)
Shear stress

𝑢∗ = (

28 May 2021 (1)

0.31

1.70

1.27

28 May 2021 (2)

0.32

3.89

1.06

29 June 2021(Cable
Crossing)

3.08

0.90

0.53

29 June 2021
(Birmingham Bridge)
09 October 2021

0.71

2.67

1.23

0.27

2.23

0.93

27 January 2022

0.13

5.10

1.22
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3.3: OVERLAP LAYER, LOGARITHMIC LAW
Each graph in this section displays the theoretical logarithmic law (30), in green, with
each data set. Each 𝑢∗ from Table 7 was evaluated using z+ (13) and 𝑈 + (12) and shown
alongside the theory to see how well the calculated friction velocity models agree with the
theory.

Figure 16: Logarithmic Law, green, (30) plotting z+ (13) against 𝑈 + (12) evaluating each 𝑢∗ from
equations 31-33 with the first data set from the Allegheny River on 28 May 2021.
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Figure 17: Logarithmic Law, green, (30) plotting z+ (13) against 𝑈 + (12) evaluating each 𝑢∗ from
equations 31-33 with the second data set from the Allegheny River on 28 May 2021.
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Figure 18: Logarithmic Law, green, (30) plotting z+ (13) against 𝑈 + (12) evaluating each 𝑢∗ from
equations 31-33 with data from the Monongahela River at the cable crossing on 29 June 2021.
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Figure 19: Logarithmic Law, green, (30) plotting z+ (13) against 𝑈 + (12) evaluating each 𝑢∗ from
equations 31-33 with data from the Monongahela River at the Birmingham Bridge on 29 June
2021.
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Figure 20: Logarithmic Law, green, (30) plotting z+ (13) against 𝑈 + (12) evaluating each 𝑢∗ from
equations 31-33 with data from the Monongahela River on 09 October 2021.
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Figure 21: Logarithmic Law, green, (30) plotting z+ (13) against 𝑈 + (12) evaluating each 𝑢∗ from
equations 31-33 with data from the Allegheny River on 27 January 2022.
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3.4: OXYGEN CONSUMPTION RATE, Ψ
Table 8: Oxygen consumption rates (38) calculated with each 𝑢∗ for each site in kg/m2s.
Site

Ψ
(kg/m2s)
𝜏0
(𝑢∗ = √ )
𝜌

Ψ
(kg/m2s)
(𝑢∗ = √̅̅̅̅̅̅
𝑢′𝑤′
(average))
(32)

Ψ
(kg/m2s)
𝑢∗ = (

(31)

𝑢2 − 𝑢
̅̅̅
̅̅̅1
𝑧2 ) ∗ 𝑘
𝑙𝑛 ( )
𝑧1
(33)

28 May 2021 (1)
28 May 2021 (2)
29 June 2021(cc)

-3.31x10-14
-1.95 x10-14
2.94 x10-13

-1.81x10-13
-2.36 x10-13
1.71 x10-12

-1.36 x10-13
-6.40 x10-14
4.99 x10-13

29 June 2021(BB)

7.60x10-13

2.88 x10-12

1.38 x10-12

09 October 2021

1.93 x10-13

1.59 x10-12

6.61 x10-13

27 January 2022

-7.91 x10-15

-3.04 x10-13

-7.27 x10-14

Table 9: Oxygen consumption rates (38) calculated with each 𝑢∗ for each site in mg/m2day.
Site

Ψ
(mg/m2day)
𝜏0
(𝑢∗ = √ )
𝜌

Ψ
(mg/m2day)
(𝑢∗ = √̅̅̅̅̅̅
𝑢′𝑤′
(average))
(32)

(31)

Ψ
(mg/m2day)
𝑢∗ = (

𝑢2 − 𝑢
̅̅̅
̅̅̅1
𝑧2 ) ∗ 𝑘
𝑙𝑛 ( )
𝑧1
(33)

28 May 2021 (1)
28 May 2021 (2)
29 June 2021(cc)
29 June 2021(BB)

-2.86 x10-3
-1.86 x10-3
2.53 x10-2
6.57 x10-2

-1.56 x10-2
-2.04 x10-2
1.48 x10-1
2.49 x10-1

-1.18 x10-2
-5.53 x10-3
4.31 x10-2
1.19 x10-1

09 October 2021
27 January 2022

1.67 x10-2
-6.83 x10-4

1.37 x10-1
-2.63 x10-2

5.71 x10-2
-6.28 x10-3
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CHAPTER 4: DISCUSSION AND ANALYSIS
4.1 VELOCITY PROFILES
For this project, the flow of the rivers is assumed to be steady. From the velocity profiles,
it is apparent the natural rivers are not perfectly steady, but they are steady enough for the
purpose of this research. For example in Figure 12, the data does not follow a precise velocity
profile, especially around 1m height, but the general trend is clear.
4.2 REYNOLDS STRESS TENSOR GRAPHS
The Reynolds stress tensor scatter plots appear to have a flat appearance when displayed
in the u’ and w’ directions, which are unlike isotropic or anisotropic theoretical scatter plots. In
the closer examinations of the Allegheny River Reynolds stress tensor scatter plots from 27
January 2022 (Figure 15), most of the plots display a slight 𝑤 ′ = −𝑢′. Only heights 1.002m and
0.361 display a positive correlation.
4.3 FRICTION VELOCITY
Friction velocity calculated through (32) and (33) were within the same order of
magnitude with one another. These equations utilized measurements from the entire depth profile
to examine shear stress. Equation (32) examined perturbations of velocity and (33) examined
differences in velocity throughout the entire depth profile. Equation (32) friction velocities are
not as consistent with one another at each depth due to the fluctuations of ̅̅̅̅̅̅
𝑢′𝑤′ throughout the
depth of the channel (Tables 1-6). Equation (31) friction velocity calculations were an order of
magnitude smaller and only considered the bed shear stress and not the shear stresses throughout.
From these results, bed shear stresses do not capture the full dynamics of turbulence when
compared to the shear stresses throughout the depth column. These theoretical equations and
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principles used are assuming smooth surfaces and uniform turbulent flow which are not realistic
in a natural river.
4.4 OVERLAP LAYER, LOGARITHMIC LAW
The various friction velocities were further examined through the logarithmic law y+ and
U+ profile plots and compared to the theoretical (30). The trendlines for corresponding with the
𝑢∗ in (31) are inconsistent, and a few of the trendlines intercept with the theoretical trendline
(Figures 17, 20, 21).
When using (32) to find the 𝑢∗ , the trendlines do not intercept with the theoretical
trendline due to smaller U+ values along with steeper slopes than the theoretical. The plots with
equation 33 𝑢∗ have very similar slopes to the theoretical, with smaller U+ values than expected.
The inconsistencies throughout the various logarithmic law profiles when compared to
the theoretical values may be due to the rough surface at the bottom of the river and the possible
need to subtract a displacement height from the measured height (Brutsaert, 1982). The
integration constant, C, was found to be 5 through empirical measurements on a smooth surface
which may not be applicable for river applications with rough surfaces (Kundu et al., 2012).
Further understanding is required to allow the theoretical logarithmic law to agree with the
natural channel data.
4.5 OXYGEN CONSUMPTION RATE, Ψ
Data from the Allegheny River had negative DO profiles (Figures 7,8) leading to
negative Ψ. The sections of the Allegheny River were shallower than the Monongahela River,
with more oxygen at the bottom of the river possibly due to a bed with better access to sunlight
leading to increased photosynthesis. The calculations using the 𝑢∗ from (30) were most
consistent with one another.
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For example, the second set of data from 28 May 2021 with an approximate depth of 2.2
m produced a negative Ψ of -2.36 x10-13 kg/m2s according to (32). With an estimated channel
width of 200 ft or 61 m in this area of data collection, a 1 km stretch with this width would lose
0.0012 kg or 1,244 mg of dissolved oxygen per day due to deoxygenation. There is more
dissolved oxygen being produced on the bottom of the Allegheny River than being reaerated into
it.
All the Monongahela River results produced positive DO profiles with less oxygen on the
riverbed than at the surface (Figures 11-13) creating positive Ψ values. For example, the data
from Birmingham Bridge in the Monongahela River on 29 June 2021 with an approximate depth
of 5.1m, had a positive Ψ of 2.88 x 10-12 kg/m2s according to (32). The channel width of that area
is estimated to be approximately 600 ft or 183 m, meaning a 1km stretch would have 0.0455 kg
or 45,500 mg of dissolved oxygen entering the river each day due to reaeration.
When analyzing the average DO concentrations at each site with the DO saturation
concentration, the sites with negative Ψ values, all in the Allegheny River, had DO values very
close to the saturation levels, which corresponds with the concept that these areas are producing
oxygen. The sites with the positive Ψ values have a DO deficit from 0.5 to 1.7 mg/l lower than
the saturation level, which also corresponds with the results that the river would need to transfer
oxygen from the air-water interface.
The oxygen consumption rate should be further explored due to the various 𝑢∗ values.
More DO measurements should be collected with the YSI Multimeter due to more reliable short
term DO measurements when compared to the miniDot Dissolved Oxygen Logger which is
better for long term collection.
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CHAPTER 5: CONCLUSION
After analyzing the friction velocities, shear stresses throughout the entire channel depth
are more important to understanding turbulence than bed shear stresses alone. Friction velocity
measurements were more consistent with one another that considered the shear stress from the
entire depth of the river. Equation (32) examined the fluctuations in the u, flow wise, and w,
vertical, directions at each height to develop 𝑢∗ . Equation (33) used velocity and height
measurements in the entire vertical direction to develop one 𝑢∗ per site. This is unlike equation
31 which calculated one 𝑢∗ per site based on the bed stresses. This method does not represent the
turbulent stresses happening in the entire vertical direction, but only the bed.
The logarithmic law (30) agreed with most of the data but there are still some
uncertainties that need to be resolved. Displacement height may need to be considered to find
more accurate friction velocities (Brutsaert, 1982). Additionally, the understanding of flow over
rough surface also needs improvement. Foundational understandings of turbulence have typically
been developed using smooth beds such as a pipe or plate and these understandings need to be
better translated to rough surfaces such as a natural riverbed with less uniform flow.
Understanding gas exchange, in this instance oxygen, at the air-water interface is
imperative to understanding river metabolism (Raymond et al., 2012). DO is depleted through
biochemical processes and rivers must mix and transport oxygen to sustain life ( Streeter &
Phelps, 1925; Mines, Jr. & Lackey, 2010). Through this project, a method was established to
determine oxygen consumption or production based on velocity and dissolved oxygen profiles.
Through this new profile method, the consumption rate, Ψ, can be calculated for any position in
a channel, rather than estimated for an entire channel which is done with the gas tracer method
(Kilpatrick et al., 1989). From the data collected, the Allegheny River is producing more oxygen
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than it is consuming, unlike the Monongahela River which consumed more oxygen through
reaeration. These results are corroborated by the DO deficits for each site.
5.1 FUTURE DIRECTIONS
Going forward, the displacement height of the river sites should be considered and
possibly applied to the logarithmic law as a calibration factor (Brutsaert, 1982). Additionally,
external factors such as conductivity, temperature, and BOD should be factored into the research
to provide a more accurate assessment of the rivers. More research should also be done to
quantify the turbulent Schmidt number which is assumed to be one (Brutsaert, 1982).
This method can be further expanded if a carbon dioxide monitor is used to examine
carbon cycling to better understand river metabolism outside of dissolved oxygen (Hall et al.,
2016). Gas transfer estimates in rivers are important for better understanding climate change,
river health, and net primary production (Hall et al., 2016; Raymond et al., 2012).
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